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Abstract
Graph data is used in a wide range of applications, while

analyzing graph data without protection is prone to privacy
breach risks. To mitigate the privacy risks, we resort to the
standard technique of differential privacy to publish a syn-
thetic graph. However, existing differentially private graph
synthesis approaches either introduce excessive noise by di-
rectly perturbing the adjacency matrix, or suffer significant
information loss during the graph encoding process. In this
paper, we propose an effective graph synthesis algorithm
PrivGraph by exploiting the community information. Con-
cretely, PrivGraph differentially privately partitions the pri-
vate graph into communities, extracts intra-community and
inter-community information, and reconstructs the graph from
the extracted graph information. We validate the effectiveness
of PrivGraph on six real-world graph datasets and seven com-
monly used graph metrics.

1 Introduction

Many real-world systems can be represented by graphs, such
as social networks [34], email networks [35], voting net-
works [40], etc., and analyzing these graph data is benefi-
cial in a wide range of applications [52]. For instance, Face-
book analyzes social networks and makes friend recommen-
dations based on the connections (edges) between various
users (nodes) [27]. Due to the sensitive nature of the graph
data, it cannot be directly analyzed without protection. A clas-
sical approach to analyzing the graph data while preserving
privacy is anonymization, which removes the identification
information of the nodes [8, 60]. However, previous stud-
ies have shown that the anonymized graphs can be easily
deanonymized by the attackers when they have some auxil-
iary information [25, 44].

To overcome the drawback of the anonymization tech-
niques, differential privacy (DP) [11, 13, 57, 72], a golden
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standard in the privacy community, has been applied to pro-
tect the privacy of graph data [51, 64]. The core idea of DP
is to guarantee that a single node/edge has a limited impact
on the final output. Most of the previous studies on differ-
entially private graph analysis focus on designing tailored
algorithms for specific graph analysis tasks, such as degree
distribution [22], subgraph counts [54], and community dis-
covery [26]. Our paper, on the other hand, focuses on a more
general paradigm, which publishes a synthetic graph that is
semantically similar to the original graph while satisfying DP.
This paradigm is superior to the tailored algorithms in the
sense that it enables arbitrary downstream graph data analysis
tasks.

Existing Solutions. There are multiple existing studies fo-
cusing on publishing a synthetic graph under DP guaran-
tee. In [41], Nguyen et al. proposed the Top-m Filter (TmF)
method that directly perturbs the adjacency matrix of the
original graph. TmF adds Laplace noise to each cell of the
adjacency matrix and selects the top-m cells from the noisy
matrix as edges for the synthetic graph, where m is the to-
tal number of edges in the original graph. Note that directly
perturbing the adjacency matrix introduces excessive noise;
thus TmF can only restore a few true edges when the privacy
budget is small. Chen et al. [6] designed the density-based
exploration and reconstruction (DER) method to perturb and
reconstruct the adjacency matrix. DER relabels the nodes to
make edges concentrate on specific areas of the adjacency
matrix, and then leverages a quadtree to calculate the density
of the adjacency matrix. To satisfy DP, the synthetic graph is
reconstructed from the perturbed density. However, since the
perturbation noise oftentimes overwhelms the true densities
of the sparse areas, it is difficult for DER to maintain the struc-
ture of the original graph, and the computational complexity
of constructing a quadtree is large. Different from TmF and
DER that directly perturb the adjacency matrix of the original
graph,PrivHRG encodes the graph into a hierarchical random
graph (HRG) [10] under DP, which reduces the strength of
the noise. However, PrivHRG needs a significant amount of
time to build the HRG and suffers graph structure distortion.
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Qin et al. [45] proposed to divide the nodes into multiple
groups using k-means clustering. However, the clustering ac-
curacy under noise perturbation is usually low, which affects
the accuracy of graph reconstruction.

Our Proposal. Existing methods either introduce excessive
noise by directly perturbing the adjacency matrix, or suffer
substantial information loss in the process of encoding the
graph data. In this paper, we propose PrivGraph that exploits
community information of the graph data to strike the trade-
off between the perturbation noise and information loss.

To avoid the large perturbation caused by directly adding
noise to each cell of the adjacency matrix, PrivGraph lever-
ages a community division mechanism to group all nodes
into multiple communities and add noise to the communities
instead of nodes. However, existing community detection al-
gorithms do not satisfy DP. Therefore, we design a two-step
division mechanism under DP guarantee, i.e., community ini-
tialization and community adjustment. PrivGraph generates
an initial community partition in community initialization
and further tunes the nodes division in community adjust-
ment. The community aggregates more information than each
node, resulting in higher robustness to noise perturbation.

Based on the intuition that edges in a community are denser
and edges between communities are sparser, we design two
mechanisms to extract, perturb and reconstruct the edges of
intra-community and inter-community separately, which pre-
serve the structure information and suppress the noise si-
multaneously. Furthermore, we propose a post-processing
procedure to maintain data fidelity.

Evaluation. We conduct experiments on six real-world graph
datasets to illustrate the superiority of PrivGraph. The experi-
mental results show that PrivGraph outperforms the state-of-
the-art methods for most of the metrics. For instance, when
the privacy budget is 1, for the modularity metric, PrivGraph
achieves 51.3% lower relative error than that of PrivHRG on
the Facebook dataset. We also compare PrivGraph with tai-
lored privacy-preserving methods, which are optimized for
specific graph analysis tasks.

Contributions. In summary, the main contributions of this
paper are three-fold:

• We take a deep look at existing solutions on differentially
private graph synthesis, and identify their major drawbacks.

• We propose a practical method PrivGraph to generate a
synthetic graph under DP. The general idea is to group the
nodes in the graph by community information to avoid intro-
ducing excessive noise, and adopt different reconstruction
approaches based on the characteristics of intra-community
and inter-community to retain the graph structure.

• We conduct extensive experiments on multiple datasets
and metrics to illustrate the effectiveness of PrivGraph.
PrivGraph is open-sourced at https://github.com/
Privacy-Graph/PrivGraph.

2 Preliminaries

2.1 Differential Privacy

Differential Privacy (DP) [13] was originated for the data
privacy-protection scenarios, where a trusted data curator
collects data from individual users, perturbs the aggregated
results, and then publishes it. Intuitively, DP guarantees that
any single sample from the dataset has only a limited impact
on the output. Formally, we can define DP as follows:

Definition 1 (ε-Differential Privacy). An algorithm A satis-
fies ε-differential privacy (ε-DP), where ε > 0, if and only if
for any two neighboring datasets D and D′, we have

∀T ⊆ Range(A) : Pr [A(D) ∈ T ]≤ eεPr
[
A(D′) ∈ T

]
where Range (A) denotes the set of all possible outputs of the
algorithm A .

We consider two datasets D and D′ to be neighbors, denoted
as D≃D′, if and only if D=D′+r or D′=D+r, where D+r
stands for the dataset resulted from adding the record r to the
dataset D.
Laplace Mechanism. Laplace mechanism (LM) satisfies
the DP requirements by adding random Laplace noise to the
aggregated results. The magnitude of the noise depends on
GS f , i.e., global sensitivity,

GS f = max
D≃D′
∥ f (D)− f (D′) ∥1,

where f represents the aggregation function and D (or D′) is
the users’ data. When f outputs a scalar, the Laplace mecha-
nism A is given below:

A f (D) = f (D)+L
(

GS f

ε

)
,

where L(β) stands for a random variable sampled from the
Laplace distribution Pr [L(β) = x] = 1

2β
e−|x|/β. When f out-

puts a vector, A adds independent samples of L(β) to each
element of the vector.
Exponential Mechanism. Laplace mechanism (LM) applies
to the scenario where the output of f is a real value, while the
output of Exponential Mechanism (EM) [39] is an item from
a finite set. EM samples more accurate answers with higher
probabilities based on an exponential distribution. It takes the
data v as input and samples a possible output o from the set
O according to a quality function q. The approach requires
to design a quality function q which takes as input the data v,
a possible output o, and outputs a quality score. The global
sensitivity of the quality function is defined as

GSq = max
o

max
v≃v′

∣∣q(v,o)−q(v′,o)
∣∣ .
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A satisfies ε-differential privacy under the following equation.

Pr [Aq(v) = o] =
exp

(
ε

2GSq
q(v,o)

)
∑

o′∈O
exp

(
ε

2GSq
q(v,o′)

)
Composition Properties of DP. The following composition
properties of DP are commonly used for building complex
differentially private algorithms from simpler subroutines.

• Sequential Composition. Combining multiple subroutines
that satisfy differential privacy for {ε1, · · · ,εk} results in a
mechanism satisfying ε-differential privacy for ε = ∑i εi.

• Parallel Composition. Given k algorithms working on
disjoint subsets, each satisfying DP for {ε1, · · · ,εk}, the
result satisfies ε-differential privacy for ε = max{εi}.

• Post-processing. Given an ε-DP algorithm A , releasing
g(A(D)) for any g still satisfies ε-DP, i.e., post-processing
an output of a differential private algorithm does not incur
additional loss of privacy.

2.2 Differentially Private Graph Analysis
The edges of a graph may contain very sensitive informa-
tion [25], such as social contacts, personal opinions, and pri-
vate communication records [6, 64]. Edge-DP [22] provides
rigorous theoretical guarantees to protect the privacy of these
connections by limiting the impact of any edges in the graph
on the output. As a result, it offers meaningful privacy protec-
tion in many applications [6, 41, 64].

More specifically, given a graph G = (V,E), an edge neigh-
boring graph G′ = (V ′,E ′) can be obtained by adding (or
removing) an edge, where V (V ′) is the set of nodes and E
(E ′) is the set of edges. From [22], the system difference a⊕b
is the sets of elements in either set a or set b, but not in both,
i.e., a⊕b = (a∪b)\ (a∩b). Hence, the definitions of edge
neighboring graph and ε-edge DP are as follows.

Definition 2 (Edge neighboring graph). Given a graph G =
(V,E), a graph G′ = (V ′,E ′) is an edge neighboring graph of
G if and only if |V ⊕V ′|+ |E⊕E ′|= 1.

Definition 3 (ε-edge differential privacy). An algorithm A
satisfies ε-edge differential privacy (ε-edge DP), where ε > 0.
If and only if for any two edge neighboring graphs G and G′,

∀T ⊆ Range(A) : Pr [A(G) ∈ T ]≤ eεPr
[
A(G′) ∈ T

]
,

where Range(A) denotes the set of all possible outputs of A .

Discussion. Edge-DP guarantees that any edges in the graph
have limited impacts on the final output, instead of deleting
specific edges from the graph. As such, the attacker cannot
infer the existence of any edges by observing the final output.
The attacker can reconstruct the graph relying on auxiliary in-
formation such as some users are from the same class, but this

is orthogonal to the privacy guarantee provided by DP. If the
attacker has such auxiliary information, they can reconstruct
these edges regardless of whether they are published.

Edge-DP is well-suited for scenarios where the edges are
independent of each other, such as email communication
records. However, in cases where the edges in a graph are
correlated and can be deduced from one another, such as in a
friendship graph, edge-DP’s guarantees may be insufficient
while k-edge DP [22] can still provide meaningful privacy
protection. In k-edge DP, graph G and G′ are neighbors if
|V ⊕V ′|+ |E⊕E ′| ≤ k.

The mechanism satisfying the formal definition of edge-DP
also satisfies the requirements for k-edge DP. However, it’s
important to note that achieving the same level of quality in
published results using k-edge DP will require k times more
privacy budget than using edge-DP. For example, A satisfies
ε-edge DP for k = 1 and ε = 1, it also satisfies k-edge ε-DP
for k = 10 and ε = 10.

2.3 Community Detection
Community detection is an effective method for discovering
densely connected subnetworks in graph data. It has a wide
range of practical applications. For instance, in social net-
works, community detection helps identify a group of users
with similar interests. A series of classical community detec-
tion algorithms have been proposed [3, 4, 49].
Louvain. The Louvain [3] method is adopted frequently
due to its computing efficiency and outstanding grouping
effect. The optimization goal of the Louvain method is to
maximize the modularity [20], which measures the quality of
the community division. The definition of modularity is as
follows.

Q = ∑
C

[
∑in
2m
−
(

∑tot
2m

)2
]
, (1)

where ∑in is the sum of the weights of the edges inside the
community C, ∑tot stands for the sum of the weights of the
edges incident nodes in C, and m represents the sum of the
weights of all edges.

At the beginning, Louvain randomly initializes each node
as a single-node community. Then, Louvain iterates the fol-
lowing two processes until the modularity converges. Firstly,
for each node in the graph, Louvain finds the largest gain in
modularity by assigning the node to its neighbors’ community.
If there exists no positive gain, the node will stay in the origi-
nal community. This phase stops when a local maximum of
the modularity is obtained, i.e. no individual move can enlarge
the modularity. Then, Louvain merges the nodes in a commu-
nity into a super-node and updates the weights of super-nodes.
The weights between super-nodes are determined by the sum
of the edges’ weights between two communities. The inner
weight of a super-node is the sum of the edges’ weights inside
the community. The purpose of the first step is to achieve
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modularity optimization and the second step is to complete
the aggregation of nodes in the same community. Accord-
ing to [16], the modularity-based approaches might lose the
small communities during the modularity optimization pro-
cess. However, the information extraction and graph recon-
struction processes of PrivGraph can recover these small com-
munities. In the information extraction process, PrivGraph
leverages a degree sequence to encode the edges in a commu-
nity, where the dense connections of small communities are
still preserved. Then, PrivGraph decodes the degree sequence
and rebuilds the small communities. The above analysis are
further supported by the experimental results in Section 5.4.

In addition, time-scale is a hyper-parameter to adjust the
resolution of community detection [32]. By integrating time-
scale t, modularity optimization can reveal the community
structures at different resolutions, and the objective function
is updated as follows.

Q∗ = ∑
C

[
∑in
2m

t−
(

∑tot
2m

)2
]
,

where t is the resolution parameter, and the meanings of other
parameters are the same as those in Equation 1. When t = 0,
each node occupies one community. When t = 1, the optimiza-
tion goal is consistent with traditional modularity optimiza-
tion. When t increases, the number of communities usually
decreases.
Discussion. Intuitively, clustering can partition nodes into
groups like Louvain. However, compared to Louvain, it intro-
duces new hyperparameters, such as the node’s feature, the
distance metric, and the group size, which make clustering
more challenging to tune under the noise perturbation.

3 Problem Definition and Existing Solutions

3.1 Problem Definition

Threat Model. With full access to the published graph, the
adversary’s goal is to infer whether an edge exists in the
original graph. For example, given a synthetic email commu-
nication network, the adversary aims to determine if there is
an email connection between any two users.

In this paper, we consider an undirected and unweighted
graph G = (V,E), where V is the set of nodes and E is the
set of edges. We are interested in the following problem:
Given a graph G, how to generate a synthetic graph Gs that
shares similar graph properties with the original graph G
while satisfying edge-DP. The synthetic graph Gs can be used
for any downstream graph analysis tasks without privacy loss
due to the post-processing property of DP. We summarize the
frequently used mathematical notations in Table 1.

Following previous studies [6, 41, 64], we measure the sim-
ilarity between Gs and G from five different aspects: Com-
munity discovery, node information, degree distribution, path

Table 1: Summary of mathematical notations.

Notation Description

G Graph
ε Privacy budget
N The number of nodes per initial community
m1 The number of initial communities
m2 The number of final communities
w The weight of the weighted graph
C The set of community partitions
C The community composed of nodes
d Degree sequence
v Edge vector
s Subgraph

condition, and topology structure. Concretely, the commu-
nity discovery aims to detect the communities and reveal
the structure of the graph, the node information reflects the
neighboring information of each node, the degree distribu-
tion reveals the overall connection density of the graph, the
path condition reflects the connectivity of the graph, and the
topology structure illustrates the level of node aggregation.

3.2 Existing Solutions

TmF [41]. It first perturbs the adjacency matrix of the origi-
nal graph by adding Laplace noise to each cell. Then, TmF
chooses the top-m noisy cells as edges in the perturbed adja-
cency matrix, where m is obtained by adding Laplace noise to
the true number of edges to satisfy DP. However, perturbing
the whole cells in the adjacency matrix introduces excessive
noise. Most true edges cannot be retained from the top-m
noisy cells, especially when ε is small.

Although the computational cost of TmF is small, i.e., run-
ning in linear computational complexity, it faces several lim-
itations: 1) TmF cannot capture the structure of the graph
accurately since the selection of edges is random. 2) With a
fixed privacy budget, the utility of the synthetic graph will
decrease as the number of nodes increases.
DER [6]. Similar to TmF [41], DER also processes the adja-
cency matrix of the original graph. DER mainly consists of
three steps: Node relabeling, dense region exploration, and
edge reconstruction. DER first makes the edges in the adja-
cency matrix clustered together in the node relabeling step.
Then, DER divides the adjacency matrix into multiple blocks
and estimates the density by a noisy quadtree. Finally, DER
reconstructs the edges in each block by exponential mecha-
nism.

DER has two main drawbacks: 1) The time- and space-
complexity of DER are quadratic, hindering its applications
for large scale graphs. 2) The original graph structure is hard
to maintain in dense region exploration.
PrivHRG [64]. PrivHRG captures the graph structure by
using a statistical HRG [10], which aims to suppress the noise
strength. The likelihood of an HRG for a graph G shows how
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plausible the HRG is to represent G. An HRG with a higher
likelihood can represent the structure of the original graph
better than those with lower likelihoods.

The method first maps all nodes of a graph into a hierarchi-
cal structure and records connection probabilities between any
pair of nodes in the graph. Then, PrivHRG uses the Markov
chain Monte Carlo (MCMC) method to obtain an HRG with
high likelihood while satisfying edge-DP. Finally, the edges
are reconstructed based on the perturbed probabilities.

However, PrivHRG faces two limitations in practice: 1) It
is time- and space-consuming to sample a high-quality HRG,
especially when the amount of nodes is large. 2) The partial
information of the graph is lost when constructing an HRG,
which decays the accuracy of PrivHRG.
LDPGen [45]. LDPGen is initially designed to generate
a synthetic graph under local differential privacy (LDP).
LDPGen first divides all nodes into two groups randomly.
Then, LDPGen modifies the partition of the nodes by k-means
clustering according to the number of connected edges from
the nodes to each group, where the number of clusters is a pre-
defined value. Finally, the connected edges are reconstructed
based on the grouping and connected information. The idea
of LDPGen can be ported to the DP setting. The main mod-
ification is in the k-means clustering, where the number of
connected edges from the nodes to each group can be ob-
tained directly by perturbing the true values in the central-DP
setting, instead of using noisy vectors from the previous phase
to estimate them in the local-DP setting.

Nevertheless, LDPGen faces the following limitations: 1)
The space-complexity of LDPGen is high, which limits its
applications to large graphs. 2) LDPGen utilizes the preset
number of clusters to encode and perturb all edges at the
same granularity, which may introduce excessive noise to the
groups with sparse connection.

4 Our Proposal: PrivGraph

4.1 Motivation
When publishing a graph under edge-DP, perturbing each
edge in the adjacency matrix, i.e., in a fine-grained manner,
could introduce excessive noise. If we encode the entire graph
into nodes’ degree distribution, i.e., in a coarse-grained man-
ner, the compression leads to information loss in the graph
structure. From [43, 49], a natural graph usually consists of
communities, such as social networks [37], biological net-
works [19], and voting networks [40]. Considering the edges
in the same community tend to have similar structures, we
can use coarse-grained aggregation to alleviate the perturb-
ing noise. For the edges among communities, they occupy
a small part of total edges but in various structures, thus we
can adopt fine-grained encoding to reduce the information
loss. Therefore, the communities can be a basis for the desired
granularity. According to this observation, we design a graph

data publishing approach, called PrivGraph, which achieves
outstanding data utility and rigorously satisfies DP.

4.2 Overview
As shown in Figure 1, the workflow of PrivGraph consists
three phases: Community division, information extraction,
and graph reconstruction.
Phase 1: Community Division (CD). We design a com-
munity detection algorithm to obtain a suitable nodes parti-
tion. The core idea is first to generate a coarse partition by
merging several nodes into a super-node. Then, as shown in
the upper dashed box of Figure 1, the super-nodes form a
weighted graph containing inner weight, i.e., the edges within
a community, and outer weight, i.e., the edges among com-
munities. PrivGraph separately perturbs the two parts by
the Laplace noise, and applies post-processing to calibrate
the noisy weights. Next, PrivGraph adopts the Louvain [3]
method to refine the community division based on the cali-
brated weights. Finally, PrivGraph utilizes exponential mech-
anism to adjust and obtain the final partitions. The details of
Phase 1 are in Section 4.3.
Phase 2: Information Extraction (IE). As shown in the
bottom-right dashed box, we extract the information from the
original graph based on the communities from Phase 1. Since
most nodes tend to have more edges within communities and
fewer edges between communities, we record each node’s de-
gree in their own communities and the sum of edges between
community pairs. To satisfy the edge-DP, PrivGraph adds
Laplace noise to the nodes’ degrees and the sum of edges, and
then conducts post-processing to the perturbed results. The
details of Phase 2 are referred to Section 4.4.
Phase 3: Graph Reconstruction (GR). In the left-bottom
dashed box, PrivGraph rebuilds the intra-community edges
based on the noisy degree of each node. For the inter-
community edges, PrivGraph randomly connects the nodes
between different communities under the sum of edges con-
straints. The details of Phase 3 are in Section 4.5.

4.3 Community Division
We divide the nodes into a number of communities by the
following community division algorithm. For ease of exposi-
tion, we refer to the last operation of Phase 1 in Section 4.2
as community adjustment. Therefore, there are two parts in
Phase 1, i.e., obtaining the preliminary partitions (Community
Initialization) and further adjustment based on exponential
mechanism (Community Adjustment).
Community Initialization. As shown in Algorithm 1, all
nodes are divided into m1 communities randomly at first. The
purpose of node division is to reduce the dimension of original
data and mitigate the noise perturbation. Each community
contains N nodes except for the last community, which may
not have exactly N nodes. The nodes in the same community
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Figure 1: PrivGraph overview. PrivGraph is composed of three phases: Community division, information extraction, and graph
reconstruction. The community division phase includes two steps, i.e., community initialization and community adjustment. The
community initialization aims to obtain a preliminary community division by Laplace Mechanism and the Louvain method based
on the random community division. Then PrivGraph applies Exponential Mechanism to obtain the final community partitions in
the community adjustment. In the information extraction phase, PrivGraph calculates the degree sequences within communities
and the number of edges between communities, and respectively perturbs them to satisfy DP. In the graph reconstruction phase,
PrivGraph generates a synthetic graph based on the noisy information extracted from Phase 2. EM, LM, and PP stand for
exponential mechanism, Laplace mechanism, and post-processing, respectively.

are considered as a super-node. Then, the original graph is
converted to a weighted graph by the super-nodes. The sum
of the nodes’ degrees within the same community is the inner
weight of the super-node, and the number of edges between
two communities is the outer weight of two super-nodes.

In Algorithm 1 (Line 6 - Line 15), PrivGraph adds Laplace
noise to the weighted graph to guarantee edge-DP. Note that
the inner and outer weights have different global sensitivities.
For inner weights, an edge effects the degrees of two nodes,
i.e., ∆ fi = 2. For outer weights, the number of edges between
two communities changes 1 at most, i.e., ∆ fo = 1.

After adding Laplace noise, there may appear some neg-
ative weights. Thus, we adopt NormSub [58] to post-
process the perturbed weights. Given the inner weighted
vector w̃, we want to find an optimal integer δ∗ =
argmin

δ

|∑i∈D max(w̃i +δ,0)−∑i∈D w̃i|, where D is the set of

indexes of all inner weights. Then, we iterate all elements of
w̃ and update the value of ŵi to max(w̃i + δ∗,0). After the
consistency processing, we obtain the inner weights satisfy-
ing non-negative constraints. We also utilize NormSub to
post-process the outer weights.

Then, we leverage the Louvain method to further aggregate
super-nodes into communities by maxing modularity. Since
the weighted graph is already protected by DP, the Louvain
method can be applied directly. The definition of modularity
is shown in Equation 1. The Louvain method moves the node
to the neighboring community with the highest modularity

gain ∆Q. The modularity gain ∆Q can be calculated by:[
∑in+kn,in

2m
−
(

∑tot +kn

2m

)2
]
−

[
∑in
2m
−
(

∑tot
2m

)2
−
(

kn

2m

)2
]
,

where kn stands for the sum of the weights of the edges
incident to node n and kn,in stands for the sum of the weights
of the edges from node n to nodes in C .

The nodes in the same community will be regarded as
a super-node when the modularity no longer increases sig-
nificantly. Through multiple rounds of iterations, the tightly
connected super-nodes are merged to form new community
partitions CW.

According to the correspondence between each super-node
of the weighted graph and the nodes of the original graph,
i.e., CR, and the partitions of all super-nodes in the weighted
graph, i.e., CW, PrivGraph can map the two partitions CR and
CW back to the original nodes of the graph, i.e., CP.
Community Adjustment. In this step, we conduct the fur-
ther adjustment based on the community division results CP.
Recalling the community initialization, we randomly sepa-
rate N nodes into a community in the beginning. The nodes
belonging to different communities may be divided into a
community, which introduces errors to the initialization par-
tition. Therefore, we design Algorithm 2 to fine-tune the
community division. First, we use CP from the community
initialization as the start point of the final community division
CF. Then, for each node, we find its candidate community
Ch which has max connections to the node. Here, Ch/Ce is a
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Algorithm 1: Community Initialization
Input: Original graph G, privacy budget ε1, the

number of nodes per community at first N
Output: Preliminary community division

CP = {C1,C2, . . . ,Cm2}
1 Step 1: Initialization
2 Divide all nodes into m1 communities randomly,

where each community contains N nodes
3 CR← Randomize(G,N)
4 Step 2: Generate the weighted graph
5 The nodes in the same community are combined into a

super-node, then the weighted graph Gw is obtained
6 Step 3: Protect the weighted graph
7 for i in Gw.nodes() do
8 Step 3-1: Protect the inner weights
9 Obtain w̃i by perturbing the true inner weight wi

10 w̃i← wi +Lap(ε1,∆ fi)
11 Step 3-2: Protect the outer weights
12 Obtain w̃i, j by perturbing the true outer weight wi, j
13 for j in Gw.nodes() do
14 if j > i then
15 w̃i, j← wi, j +Lap(ε1,∆ fo)

16 Step 4: Consistency processing
17 ŵi← NormSub(w̃i), ŵi, j← NormSub(w̃i, j)

18 Ĝw← ŵi, ŵi, j;
19 Step 5: Community detection
20 Obtain the partitions CW by adopting Louvain method
21 CW← Louvain(Ĝw)
22 Step 6: Node restoration
23 CP← CR,CW

community consisting of some nodes, where h or e is the label
of a specific community. CF is the set of the community parti-
tions, which includes several communities like Ch. To satisfy
edge-DP, we apply the exponential mechanism to perturb the
adjustment process of the nodes. The sensitivity ∆ fc is 1 since
the connections k j,Ce changes 1 at most. Note that adding or
removing an edge will only affect two nodes in community
adjustment. Thus, the privacy budget of each iteration is set to
0.5ε2. By iterating over the nodes and adjusting the partitions,
we can obtain the final community division CF.

4.4 Information Extraction

Based on the community partition CF, the edges of the graph
can be divided into two parts, i.e., the edges within the com-
munity and those between communities. If we perturb each
element of the above parts, it is easy to introduce excessive
noise like the existing work [45]. Since the edges of intra-
community account for the majority of the entire edges, we
aggregate the two types of information separately to avoid
excessive noise. More specifically, for the edges of intra-

Algorithm 2: Community Adjustment
Input: Original graph G, privacy budget ε2,

preliminary community division
CP = {C1,C2, . . . ,Cm2}

Output: Final community division CF
1 // m2 is the number of communities
2 Initialize CF = CP
3 // Update CF by iterating over each node
4 for j in G.nodes() do
5 Step 1: Remove the node from original

community
6 Remove the node j from original community Ci
7 Step 2: Choose the final community
8 Calculate the connections k j,Ce from the node j to

the community Ce which is in CF
9 Ch← EM(k j,CF ,0.5ε2,∆ fc)

10 Add the node j to Ch

11 Obtain the final community division CF

community, PrivGraph counts the nodes’ degree sequences
in their own communities, and calculates the sum of edges
between community pairs for the edges of inter-community.

As shown in Algorithm 3, in the beginning, PrivGraph ex-
tracts the degree sequence d of intra-community and the edge
vector v consisting of the number of edges between different
communities. Then PrivGraph adds the Laplace noise to d
and v separately. The sensitivity of degree sequence ∆ fd is
2 because the presence of an edge affects the degree of two
nodes. The sensitivity of edge vector ∆ fv is 1. Note that the de-
gree sequence and the edge vector are disjoint subsets, which
construct the whole adjacency matrix together. Therefore,
these two parts can share the same privacy budget. After the
perturbation, PrivGraph conducts the consistency processing
to meet the non-negative constraint.

4.5 Graph Reconstruction
In the paper, we choose the CL model [1] to synthesize a
graph, which can make full use of the degree information
without complicated parameter settings. The degree distri-
bution of the graph generated by the CL model satisfies the
strictly power-law distribution [15]. The graph generation
consists of two parts: Intra-community edge generation and
inter-community edge generation. Based on the degree se-
quence d̂, PrivGraph calculates the connection probability
pu,w between node u and node w in the same community C.

pu∈C,w∈C =
d̂u

Cd̂w
C

∑p∈C d̂p
C
, (2)

where d̂u
C and d̂w

C represent the degrees of node u and node w
within the community C, and the denominator represents the
sum of degree sequence in the community C.
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Algorithm 3: Information Extraction
Input: Original graph G, final community division CF,

privacy budget ε3
Output: Noisy degree sequence d̂, noisy edge vector v̂

1 Step 1: Data generation
2 for Ca in CF do
3 // Extract the degree sequence da of community Ca
4 da← G
5 for Ca,Cb(a ̸= b) in CF do
6 // Extract the number of edges va,b between

community Ca and Cb
7 va,b← G
8 Step 2: Noise injection
9 // The degree sequence and the edge vector do not

overlap
10 d̃← d +Lap(ε3,∆ fd) , ṽ← v+Lap(ε3,∆ fv)
11 Step 3: Consistency processing
12 d̂← NormSub(d̃) , v̂← NormSub(ṽ)

The edges between every two communities are encoded
into a scalar before perturbation, which loses the precise end-
points information for edges. Thus, PrivGraph randomly re-
builds the edges between communities under the constraint of
the perturbed edges’ sum. For the community Ca consisting
of Na nodes and the community Cb consisting of Nb nodes,
their connections are at most Na ·Nb. If the perturbed edges’
sum is v̂Ca,Cb , we can get the nodes’ connection probability
between communities as follows.

pu∈Ca,w∈Cb =
v̂Ca,Cb

NaNb
(3)

As shown in Algorithm 4, the synthetic graph Gs is initial-
ized as a null graph without edges. Then, the intra-community
edge and inter-community edge are generated separately. In
each community, the edges are formed by the correspond-
ing degree sequence. The edges between communities are
generated based on the edge vector. After reconstructing all
edges within and between communities, we obtain the final
synthetic graph Gs.

4.6 Algorithm Analysis
Privacy Budget Analysis. Recalling Figure 1,PrivGraph has
three steps, i.e., community division, information extraction,
and graph reconstruction. The phase of community division
consists of two parts, i.e., community initialization and com-
munity adjustment, which consume privacy budgets of ε1
and ε2 respectively. The privacy budget consumed by the in-
formation extraction phase is ε3. The graph reconstruction
phase does not touch the real data, i.e., without consuming
any privacy budget. Therefore, the total privacy budget is
ε = ε1 + ε2 + ε3. We obtain the following theorem, and the
proof is deferred to Appendix A due to the space limitation.

Algorithm 4: Graph Reconstruction
Input: Null graph GN , final community division CF,

noisy degree sequence d̂, noisy edge vector v̂
Output: Synthetic graph Gs

1 Initialize Gs as GN
2 Step 1: Intra-community edge generation
3 for Ca in CF do
4 Generate subgraph sa based on d̂a and Equation 2
5 sa← d̂a
6 Update Gs by sa

7 Step 2: Inter-community edge generation
8 for Ca,Cb(a ̸= b) in CF do
9 Generate subgraph sa,b based on v̂a,b

and Equation 3
10 sa,b← v̂a,b
11 Update Gs by sa,b

Theorem 1. PrivGraph satisfies ε-edge DP, where ε = ε1 +
ε2 + ε3.

Complexity Analysis. We compare the time complexity and
the space complexity of different methods. PrivHRG has the
highest time complexity while DER has the highest space
complexity. The detailed analysis is in Appendix B.

5 Evaluation

In Section 5.2, we first conduct an end-to-end experiment to
illustrate the effectiveness of PrivGraph compared with the
state-of-the-art methods. Then, we compare PrivGraph with
several tailored private methods for the specific graph analy-
sis tasks in Section 5.3. Recalling the limitations of Louvain
in Section 2.3, we explore the performance of PrivGraph
on preserving small communities in Section 5.4. We fur-
ther demonstrate the superiority of PrivGraph on two large
datasets in Appendix C.

5.1 Experimental Setup

Datasets. We run experiments on the six real-world datasets.
Table 2 shows the basic information of the datasets. Due
to space limitations, we defer the details of the datasets to
Appedix C.1 of [67].
Metrics. We evaluate the quality of the synthetic graph from
five different aspects. The detailed calculation formulas of the
metrics are defer to Appendix C.2 of [67].
• Community Discovery. For community detection, the

metric mainly focuses on the similarity of the commu-
nities obtained from the original graph and the synthetic
graph. Hence, we choose Normalized Mutual Information
(NMI) [31] to measure the quality of community detection.
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Table 2: Dataset Statistics.

Dataset Nodes Edges Density Type

Chamelon [50] 2,277 31,421 0.01213 Web page
Facebook [36] 4,039 88,234 0.01082 Social

CA-HepPh [35] 12,008 118,521 0.00164 Collaboration
Enron [48] 33,696 180,811 0.00032 Email

Epinions [47] 75,879 405,740 0.00014 Trust
Gowalla [9] 196,591 950,327 0.00005 Social

• Node Information. We utilize the eigenvector centrality
(EVC) score to rank the nodes, which can identify the most
influential nodes in a graph. More specifically, we compare
the percentage of common nodes in the top 1% most influ-
ential nodes of the original graph and the synthetic graph.
Besides, we calculate the Mean Absolute Error (MAE) of
the top 1% most influential nodes’ EVC scores.

• Degree Distribution. We adopt Kullback-Leibler (KL) di-
vergence [30] to measure the difference of the degree distri-
butions between the original graph and the synthetic graph.

• Path Condition. The path condition reflects the connectiv-
ity between the nodes in the graph. We provide the Relative
Error (RE) of the diameters from the original graph and the
synthetic graph.

• Topology Structure. We adopt clustering coefficient [61]
and modularity [20] to reflect the topology structure of the
graph. We compare their REs between the original graph
and the synthetic graph.

Competitors. We compare PrivGraph with PrivHRG [64],
DER [6], TmF [41], and LDPGen [45] introduced in Sec-
tion 3.2. For a fair comparison, we adopt the recommended
parameters from the original papers. Since LDPGen is origi-
nally designed for LDP, we reproduce the method in a DP way
to ensure the rationality of comparison. Due to the high space
complexity of DER, it is hard to run it on the large datasets.
We provide the result on the first three datasets.
Experimental Settings. For PrivGraph, we set the number
of nodes N = 20 in community initialization, and set the res-
olution parameter t = 1 in Louvain. We further verify the
influence of these parameter settings on PrivGraph in Ap-
pendix E of [67].
Implementation. For the allocation of privacy budget, we
set ε1 = ε2 = ε3 =

1
3 ε, where the total privacy budget ε ranges

from 0.5 to 3.5. We implement PrivGraph with Python 3.8,
and all experiments are conducted on a server with AMD
EPYC 7402@2.8GHz and 128GB memory. We repeat experi-
ment 10 times for each setting, and provide the mean and the
standard variance.

5.2 End-to-End Evaluation

In this section, we perform an end-to-end evaluation of
PrivGraph and the competitors from five perspectives. Fig-
ure 2 illustrates the experimental results on four datasets.

Results on Community Discovery. The first row of Fig-
ure 2 illustrates the NMI results on four datasets, where a
higher value of NMI stands for higher accuracy. We have the
following observations from the NMI results. 1) PrivGraph
shows similar trends for each dataset, and the NMI values of
PrivGraph tend to upward with the increase of privacy budget.
2) DER performs better for the Facebook dataset because it
is a social network dataset, and the nodes are more closely
clustered with each other. DER is designed for this densely
connected adjacency matrix, and the closely connected nodes
can be easily divided into the same sub-regions. For the other
two datasets, DER does not perform as well as PrivGraph. 3)
The NMI values of LDPGen increase with the privacy bud-
get, but not as obviously as PrivGraph. The reason is that the
generated groups are not precise and do not form effective
communities. 4) For PrivHRG, the NMI values do not im-
prove significantly with increased privacy budgets. PrivHRG
reconstructs the edges based on the probability between nodes,
which lacks the consideration of community structure. 5) The
NMI values of TmF are close to 0 under all privacy budgets
on CA-HepPh and Enron datasets. While on Chamelon and
Facebook datasets, the NMI values begin to increase when ε is
larger than 2. Since TmF directly adds Laplace noise to all el-
ements in adjacency matrix, the overall perturbation strength
of TmF is related to the number of nodes and privacy budget.
The Chamelon and Facebook datasets have less amount of
nodes than the other two datasets, thus TmF obtains higher
NMI values on Chamelon and Facebook datasets with the
same privacy budget. Thus, TmF is not fit for protecting large
graphs under strong privacy protection requirements.

Results on Node Information. The second row illustrates
the overlap of nodes in the top 1% eigenvalues between the
original and synthetic graphs. We have the following obser-
vations from the results. 1) PrivGraph behaves better than
existing methods when ε≥ 2. Since the nodes within a com-
munity have similar connecting structures, we reconstruct
the edges with more coarse-grained nodes’ degree distribu-
tions, which reduces the perturbation noise. PrivGraph can
effectively keep in line with the original adjacency matrix,
thus enabling a higher coverage of top eigenvalues than other
methods. When the privacy budget is small, the community
division is not accurate enough, and the perturbation in the
reconstruction phase is significant, thus causing a low overlap
rate. For the first three datasets, once the privacy budget is up
to 1, PrivGraph achieves a high overlap rate. However, for the
Enron dataset, it requires a larger privacy budget to ensure a
higher recovery accuracy due to its larger size and the number
of communities formed. 2) LDPGen performs well on the
last two datasets and poorly on the first two datasets. The
reason is that the difference in the EVC scores between the
influential nodes for the first two datasets is smaller, which is
susceptible to noise interference. 3) DER adaptively identifies
dense regions of the adjacency matrix by a data-dependent
partitioning process, which aims to preserve the structure of
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the original graph, and thus performs better than TmF and
PrivHRG. 4) We can see that PrivGraph performs better than
existing methods in the MAE of most influential nodes in
most cases. Due to the excessive noise added, the MAE ob-
tained by other methods is larger.
Results on Degree Distribution. We evaluate the perfor-
mance of different methods on the degree distribution of
nodes. From the fourth row of Figure 2, we have the follow-
ing observations. 1) The KL divergence of PrivGraph is low
on four datasets. PrivGraph reconstructs the most edges of
graph based on the nodes’ degree within the community to
balance information loss and noise injection well. Thus, the
degree distribution of PrivGraph is similar to that of the orig-
inal graph. 2) LDPGen adopts the same granularity to retain
information within and between groups, but the number of
edges from the node to other groups is actually low. There-
fore, the KL divergence of LDPGen is high when the privacy
budget is small because it generates much higher than the real
number of edges. For the first two datasets, the proportion
of low-degree nodes is higher, and the noise is prone to cor-
rupt the original degree distribution. 3) For PrivHRG, nodes
with a higher degree are more likely to form connected edges.
PrivHRG maintains the connection features of the nodes and
obtains a prior performance than DER and TmF. 4) DER
divides the whole adjacency matrix into lots of sub-regions.
For the sparse sub-regions, i.e., the nodes’ degrees are small,
the injected noise usually overwhelms the degree of nodes. 5)
TmF performs worst due to the random selection of the true
edges, and it does not consider the degree distribution.
Results on Path Condition. The fifth row of Figure 2 illus-
trates the RE of the diameter of different methods on four
datasets. 1) PrivGraph acquires more accurate diameters than
the competitors. The diameter reflects the connectivity of the
graph. Recalling Section 4.2, PrivGraph conducts community
division and extracts graph information from intra- and inter-
community by different granularities. In this way, PrivGraph
preserves the graph structure throughout the perturbation pro-
cess. For CA-HepPh and Enron datasets, when the privacy
budget is small, the injected noise is high because of more
nodes and communities, which induces large RE values. 2)
PrivHRG generates a graph based on the edges between node
pairs, i.e., path of the graph. The diameter is a specific set of
edges, which is closely related to the paths, thus PrivHRG ob-
tains lower RE values than DER, LDPGen and TmF. 3) DER
divides the whole adjacency matrix into pieces, thus it is hard
for DER to reconstruct the diameter. 4) The grouping qual-
ity of LDPGen is not precise, so it is challenging to recover
the diameter. 5) TmF randomly selects 1-cells in adjacency
matrix without considering graph structure, which leads to
higher RE values than other strategies.
Results on Topology Structure. We evaluate the perfor-
mance of the topology structure from the clustering coefficient
aspect. From the sixth row of Figure 2, we have the follow-
ing observations. 1) PrivGraph outperforms other methods

in most cases, which indicates that PrivGraph can better re-
cover the clustering information of the original graph. 2) The
accuracy of the clustering coefficient is strongly related to
the number of closed triplets and open triplets. A triplet is
three nodes connected by two (open triplets) or three (closed
triplets) edges. By precise community division and appropri-
ate noise perturbation, PrivGraph improves the accuracy of
the number of triplets.

Moreover, we verify the effectiveness of PrivGraph on
modularity. As shown in the last row of Figure 2, we have the
following observations. 1) The RE of PrivGraph is less than
other methods. PrivGraph obtains a great partition in the first
phase and extracts the information properly. When the pri-
vacy budget is 0.5, the RE of DER is close to PrivGraph. The
reason is that the privacy budget is divided into multiple parts,
and too small privacy budget declines the utility of commu-
nity division and information extraction. 2) The RE of DER is
less than the other three methods. DER divides the adjacency
matrix into a number of blocks, thus maintaining a certain
structural information. 3) PrivHRG perturbs the connection
probabilities between nodes. It is too fine-grained and cannot
recover the structure of graph well. 4) Since TmF selects true
edges randomly, when the privacy budget is small, it is diffi-
cult to rebuild a structure that is similar to the original graph.
5) The RE of LDPGen is high because the noise is injected at
the same granularity within and between groups, which does
not preserve the original graph’s structure well.
Takeaways. In general, the performance of PrivGraph is
better than other methods in most cases. Based on the analysis
and experimental results, we obtain the following conclusions.
• PrivGraph aggregates the similar nodes in the same com-

munity, which significantly reduces the dimension of the
original data and helps to obtain an accurate community
discovery and topology structure.

• PrivGraph extracts the information of intra-community and
inter-community at various granularities and adopts differ-
ent approaches to reconstruct the edges within and between
communities. Thus, the node information, the degree distri-
bution, and the path condition can be retained well.

• When the privacy budget is small, the community partition
may be inaccurate because of the strong perturbation noise,
which impacts the accuracy of the final results.

• Both LDPGen and DER perform well in the aspect of com-
munity division due to the grouping operations in their
workflow. PrivHRG reconstructs the graph based on the
probability of connection between two nodes, thus it has
a good performance on the path condition. TmF perturbs
the adjacency matrix directly and requires a large privacy
budget to achieve competitive results.

5.3 Comparison with Tailored Methods
In this section, we compare PrivGraph with tailored private
methods on three metrics, i.e., degree distribution [59], clus-
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Figure 2: End-to-end comparison of different methods. The columns represent the used datasets, and the rows stand for different
metrics. In each plot, the x-axis denotes the privacy budget ε, and the y-axis denotes the performance. For the first two rows,
higher is better. For the last five rows, lower is better.

tering coefficient [24], and modularity [42], which are the
widely used metrics in graph analysis [62], and there are
many existing works optimized for them [22, 24, 42, 59, 66].

Figure 3 illustrates the performance on four datasets. We
name the tailored methods for above three metrics as Tailored-
DD, Tailored-CC, and Tailored-Mod. In general, we observe
that PrivGraph achieves competitive performance on the de-
gree distribution, yet performs worse than the tailored meth-

ods on the clustering coefficient and the modularity. For
degree distribution, the performance of PrivGraph is close
to Tailored-DD. The reason is that PrivGraph reconstructs
the edges of intra-community by nodes’ degree, resulting
in small KL divergence. Interestingly, the KL divergence
of PrivGraph on the Facebook dataset is even smaller than
Tailored-DD when the privacy budget is low. This can be
explained by the fact that the Facebook dataset is a social net-
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Figure 3: [Lower is better] Comparison with tailored methods. The columns represent the used datasets and the rows stand for
different metrics. In each plot, the x-axis denotes the privacy budget ε, and the y-axis denotes the performance.

work, and the nodes tend to reside in more compact communi-
ties. PrivGraph can partition the nodes into the corresponding
communities precisely. Then, the degree information of nodes
within the community is extracted and reconstructed.

For the clustering coefficient and the modularity, the REs of
Tailored-CC and Tailored-Mod are smaller than 0.012 on four
datasets. The reason is that the clustering coefficient and the
modularity are published as a single value instead of a series
of values like degree distribution. For tailored methods, the
information to be perturbed is highly concentrated, and the
entire privacy budget is used to protect the single value. How-
ever, PrivGraph requires generating a whole graph, which
is designed from more perspectives and needs to divide the
privacy budget into multiple parts.

5.4 Preservation for Small Communities

Recalling Section 2.3, PrivGraph’s information extraction
and graph reconstruction can compensate for Louvain’s limi-
tations, specifically in cases where the modularity optimiza-
tion may result in small communities being overlooked. We
compare the accuracy of the community division between
the first phase of PrivGraph (called PrivGraph-S1) and the
whole processes of PrivGraph. More specifically, leveraging
the community division results from the original graph as
the baseline, we use NMI to measure the similarity of the re-
sults from PrivGraph-S1 and PrivGraph to the original graph.
For a fair comparison, PrivGraph-S1 exhausts the entire pri-
vacy budget that is distributed among three components in
PrivGraph. Figure 4 illustrates the comparison results.

PrivGraph performs better than PrivGraph-S1 since the in-
formation extraction and graph reconstruction processes help

to recover the small communities lost in Louvain. In addi-
tion, compared to PrivGraph, PrivGraph-S1 shows different
tendencies in the first two datasets and the last two datasets,
where Enron and Epinions have a greater number of small
communities compared to Chamelon and Facebook. Since
PrivGraph-S1 has the potential to incorrectly merge small
communities into larger ones, resulting in low NMI values
for the last two datasets. For PrivGraph, the phases of infor-
mation extraction and graph reconstruction are beneficial to
retain small communities. Although small communities are
merged into large ones in the first phase, the tightly connected
edges still exist in the same community, i.e., the information
of small communities is preserved in the degree distribution.
Then, the degree distribution of intra-community is extracted
and reconstructed in the final phase, which contributes to
the restoration of small communities. Therefore, PrivGraph
achieves great performance on all four datasets.

6 Related Work

6.1 Differentially Private Graph Analysis

Differentially private graph analysis can accomplish a se-
ries of statistical tasks on private data. Several strategies are
designed for various downstream tasks, including degree dis-
tribution, community division, clustering coefficient, etc.
Degree Distribution. There are some works dedicated to
the task of degree release [22, 29, 46]. In particular, lipschitz
extensions and exponential mechanism are used in [46] for ap-
proximating the degree distribution of a sensitive graph. Hay
et al. [22] designed an algorithm for publishing the degree
distribution based on a constrained inference technique.
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Figure 4: [Higher is better] Comparison of PrivGraph and PrivGraph-S1. The columns represent the used datasets and the rows
stand for different metrics. In each plot, the x-axis denotes the privacy budget ε, and the y-axis denotes the NMI value.

Topology Structure. Many studies have investigated the
problem of protecting the topology structure of a graph [7,
26, 28, 42, 68], yet they are fundamentally different from
PrivGraph. First, for the problem definition, prior works
[7, 26, 28, 68] require both node attributes and edges, while
PrivGraph only can touch the edges. Second, the results are
published at different granularities. The related works [26,42]
output the community partitions, i.e., coarse granularity.
PrivGraph generates a complete graph, i.e., fine granularity.
Nguyen et al. [42] proposed to form a weighted graph by a
filtering technique and then apply Louvain method to detect
the communities. However, the random grouping of nodes
in the beginning may cause a large deviation. Ji et al. [26]
formulated the community detection of attributed graph as a
maximum log-likelihood problem.

6.2 Privacy Attacks on Graph
There exist several works related to privacy attacks on graph
data [14,53,63,65,69,70]. According to different assumptions
of the attacker’s ability, the inference attacks on edges could
be divided into two categories. The first type of attacks make
inferences based on the edge structure information [63, 69],
i.e., nodes with higher structural similarity tend to be con-
nected to each other. The second type of attacks attempt to
reconstruct the original graph mainly based on the node fea-
tures [14, 65], i.e., nodes with more similar attributes tend to
link more closely.

For the first type of inference attacks on edges, PrivGraph
could defend the attacks effectively since they do not vio-
late edge-DP guarantees. For the second type of attacks, a
single edge-DP technique may prove insufficient to thwart
them since the attacker can infer edges barely based on the
node features. In addition, it should be noticed that the ideal
application scenarios of edge-DP require that all edges are
independent of each other. In practice, different edges may be
correlated, i.e., the presence of an edge might be inferred by
other edges, which introduces greater challenges to privacy
protection. The problem could be mitigated by applying k-
edge DP [22] and considering the correlation between edges,
which are promising directions for further improvements.

There are some de-anonymization attacks [33, 73] to re-
identify nodes in an anonymized graph according to an auxil-
iary graph and a set of seed mappings, which is orthogonal to
the privacy guarantee provided by edge-DP [13, 22].

6.3 Differentially Private Data Synthesis

There are some existing studies for other types of data.
Tabular Data. There are three mainstream methods to pro-
cess tabular data: graphical model-based, game-based, and
deep generative model-based. The core idea of graphical
model-based methods is to estimate a graphical model which
approximates the distribution of the original dataset under
DP [38, 71]. The game-based methods regard the dataset syn-
thesis problem as a zero-sum game [18, 55]. Deep generative
model-based methods first train a deep generative model un-
der DP and adopt the model to synthesize the dataset [2, 17].
Trajectory Data. There are a few works that investigate the
synthesis of trajectory dataset while satisfying DP [5, 21, 23,
56]. Chen et al. [5] proposed to build a prefix tree to describe
the n-gram model and designed an adaptive privacy allocation
strategy. He et al. [23] designed DPT method to discretize the
space by various granularities and built multiple prefix trees.
Wang et al. [56] proposed to dynamically choose between
first-order and second-order Markov models to tradeoff noise
error and correlation error. Du et al. [12] proposed LDPTrace
for the local DP settings.

7 Conclusion

In this paper, we propose PrivGraph for publishing graph data
under DP. By exploiting community information and consid-
ering the different characteristics of connections within and
between communities, we extract the structure of the graph
effectively and reconstruct it accurately. PrivGraph satisfies
rigorous DP while achieving a balance between information
loss and perturbation strength. Extensive experiments on six
real-world datasets demonstrate the superiority of PrivGraph.
Compared with tailored private methods optimized for spe-
cific graph analysis tasks, PrivGraph still shows competitive
results on some settings. We also explore the performance of
PrivGraph on preserving small communities.
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A Proof of Theorem 1

PrivGraph consists of three phases: Community division, in-
formation extraction, and graph reconstruction. Specifically,
the community division phase includes two parts: i.e. commu-
nity initialization and community adjustment. Next, we show
that the components of PrivGraph are satisfying edge-DP.
Proof 1: Community Initialization satisfies ε1-edge DP.

Proof. In the process of community initialization, PrivGraph
will perturb the true weighted graph generated from the ran-
dom partitions. The perturbations of inner weights and outer
weights are achieved by adding Laplace noise. Recalling Sec-
tion 2.1, Laplace Mechanism can provide rigorous differential
privacy guarantee. The inner and outer weights are indepen-
dent of each other. According to the parallel composition, they
can share the same privacy budget, i.e., ε1. The consistency
processing and community detection do not touch the true
data and do not consume privacy budget. Hence, community
initialization satisfies ε1-edge DP.

Proof 2: Community Adjustment satisfies ε2-edge DP.

Proof. PrivGraph adopts exponential mechanism to select
the community for each node with the privacy budget of εa =
0.5ε2. We can assume that the two nodes corresponding to
the only edge that differs between the original graph and the
edge neighbor graph are i and j.

For the nodes i and j, given any inputs v1,v2 (v1 and v2
differ by an edge), and output o, combining the probability
equation of Section 2.1, we have

Pr [Aq(v1) = o]
Pr [Aq(v2) = o]

≤ eεa ,

where q is the quality function, O is the set of all possible
outputs, and ∆ fc is the global sensitivity.

For the other nodes except for node i and node j, the inputs
v1 and v2 are the same. Therefore, we have

Pr [Aq(v1) = o]
Pr [Aq(v2) = o]

= e0.

Based on the sequential composition, we can obtain 0.5ε2+
0.5ε2 + 0 = ε2. Hence, community adjustment satisfies ε2-
edge DP.

Proof 3: Information Extraction satisfies ε3-edge DP.

Proof. In the phase of information extraction, the original
degree sequence of intra-community and the true edge vector
between communities are injected Laplace noise, respectively.
Note that the degree sequence and the edge vector are disjoint
subsets, they can be perturbed by the same privacy budget.
The proof is similar to community initialization. Based on the

parallel composition, we can obtain that information extrac-
tion satisfies ε3-edge DP.

Overall Privacy Budget. According to the above proofs, in
the first phase, community initialization satisfies ε1-edge DP
and community adjustment satisfies ε2-edge DP. The phase
of information extraction satisfies ε3-edge DP. In graph re-
construction, PrivGraph processes the perturbed data without
consuming privacy budget. Hence, PrivGraph satisfies ε-edge
DP in accordance with sequential composition.

B Complexity Analysis

In this section, we analyze the computational complexity of
various methods, and quantitatively evaluate their running
time and memory consumption.
Time Complexity. We provide the time complexity by ana-
lyzing each phase of the algorithms. The number of edges is
m, and the number of nodes is n.

For PrivGraph, the first phase is to divide the nodes into
a number of communities by community initialization and
community adjustment. The time complexity of commu-
nity initialization is O(k2

1), where k1 is the number of super-
nodes. In the community adjustment, the time complexity
is O(n). In information extraction, PrivGraph separately per-
turbs the original degree sequence of each community and
the edge vector between communities. And the time cost
of reconstruction is similar to that of information extrac-
tion. The time complexity of these two phases is O(k2

2),
where k2 is the number of communities. Above all, we have
O(k2

1) +O(n) +O(k2
2) = O(n+ k2

1 + k2
2) < O(n2), thus the

total time complexity of PrivGraph is O(n2). In fact, the num-
ber of communities is much less than n, so the computation
time is short.

TmF directly processes at most 2m 1-cells and 0-cells in
the adjacency matrix. Therefore, the time complexity is O(m),
which increases with the number of edges linearly.

For PrivHRG, it consists of three steps: HRG sampling,
probability value perturbation, and graph generation. The first
step is finding a suitable HRG by MCMC sampling, with the
time complexity of O(n2 logn). The second step is adding
Laplace noise to the probability values in the HRG and the
time complexity is O(n). The final step is reconstructing the
graph based on the probability between nodes. The time com-
plexity is O(n2). O(n2 logn)+O(n)+O(n2) = O(n2 logn).
LDPGen needs to group all nodes by k-means clustering,

and to add noise to the formed matrix. The time complexity
of k-means clustering is O(nkt), where k is the number of
clusters and t is the number of iterations. The time complexity
of adding noise is O(nk). Therefore, we can obtain O(nkt)+
O(nk)≈ O(n2). The time complexity of LDPGen is O(n2).
DER includes three parts: Node relabeling, dense region

exploration, and edge reconstruction. In the first part, DER
generates n

2 candidate swaps for relabeling and each swap
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Table 3: Comparison of computational complexity.

Methods Time Complexity Space Complexity

TmF O(m) O(m)
PrivHRG O(n2 logn) O(m+n)
LDPGen O(n2) O(n2)
DER O(n2) O(n2)

PrivGraph O(n2) O(m+n)

Table 4: Comparison of running time (measured by seconds).

Methods
Datasets TmF PrivGraph LDPGen DER PrivHRG

Chamelon 0.22s 1.47s 2.16s 136.41s 273.13s
Facebook 0.68s 4.13s 4.37s 383.81s 1580.24s

CA-HepPh 4.72s 17.84s 22.46s 2750.58s 4593.21s
Enron 31.20s 118.05s 61.41s N/A 33677.63s

Epinions 105.46s 503.48s 312.84s N/A N/A
Gowalla 242.75s 2358.32s N/A N/A N/A

involves exactly two columns and two rows. Therefore, the
time complexity of node relabeling is O(n2). In the procedure
of dense region exploration, the complexity is determined by
applying EM to select the splitting points. The time complex-
ity of this procedure is O(n2). The third step is to reconstruct
all leaving regions. The time complexity is O(n2). Hence, the
overall time complexity of DER is O(n2).

Space Complexity. For PrivGraph, it requires storing the
information of edges and super-nodes. Therefore, the space
complexity is O(m+n). The memory consumption of TmF is
only related to the number of edges, i.e., O(m). For PrivHRG,
it needs to get the information of edges and maintain an
HRG, requiring O(m+n) storage. The space complexity of
LDPGen is O(n2) because it must store the connection infor-
mation of all nodes to each cluster. The space complexity of
DER is O(n2) due to the count summary matrix.

Empirical Evaluation. Table 4 and Table 5 show the run-
ning time and the memory consumption for all methods on
the six datasets (see their details in Table 2). The empirical
running time in Table 4 illustrates that the performance of
TmF is best because it processes the cells in a linear time with-
out further operations. The running time of PrivGraph and
LDPGen are longer than TmF since they require grouping.
PrivHRG and DER take much more time than TmF, LDPGen
and PrivGraph. PrivHRG consumes huge time to sample an
HRG, and DER spends lots of time dividing the adjacency
matrix into small pieces.

Table 5 shows the memory consumption. DER is the high-
est. The reason is that DER needs to maintain a count matrix
during the data processing. LDPGen is also high because it
requires to storage the connection matrix of all nodes. The
memory consumption of other methods is close because their
space complexities are linear to m or n.

Table 5: Comparison of memory consumption (measured by
Megabytes).

Methods
Datasets TmF PrivGraph LDPGen DER PrivHRG

Chamelon 30.88 36.46 61.52 151.74 50.93
Facebook 74.46 81.35 110.45 451.50 95.94

CA-HepPh 141.31 240.85 632.97 3139.57 546.06
Enron 210.18 913.13 4191.59 N/A 3586.20

Epinions 482.67 2563.14 14210.52 N/A N/A
Gowalla 984.23 6811.05 N/A N/A N/A

C Evaluation on Large Datasets

This section includes an additional evaluation of PrivGraph
and its competitors using two large datasets. However, due
to time and space constraints, it was difficult to run DER,
PrivHRG, and LDPGen on these datasets. Therefore, we com-
pared PrivGraph with TmF and LDPGen on the Epinions
dataset, and compared PrivGraph with TmF on the Gowalla
dataset. The experimental results are shown in Figure 5 and
Figure 6, while the diameter metric is not included due to the
lengthy calculation time.

PrivGraph continues to exhibit significant advantages over
other methods when dealing with large datasets. This is due
to its ability to group similar nodes into the same commu-
nity, thus preserving the original graph structure. Additionally,
PrivGraph is able to extract both intra- and inter-community
information at different levels of granularity, and use appro-
priate reconstruction methods. As a result, PrivGraph gener-
ally outperforms other methods in most scenarios. However,
when the privacy budget is limited, the performance of certain
metrics may be impacted due to the strong perturbation. In
contrast, LDPGen achieves superior results compared to TmF
by reducing the dimensionality of the original graph through
clustering. TmF, on the other hand, perturbs the entire adja-
cency matrix, and requires a large privacy budget to achieve
competitive results.
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Figure 5: Performance of six metrics on the Epinions dataset. In each plot, the x-axis denotes the privacy budget ε, and the y-axis
denotes the performance. For the first two metrics of the first row, higher is better. For the other metrics, lower is better.
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Figure 6: Performance of six metrics on the Gowalla dataset. In each plot, the x-axis denotes the privacy budget ε, and the y-axis
denotes the performance. For the first two metrics of the first row, higher is better. For the other metrics, lower is better.
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