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Polynomial Commitment (PCS) [KZG10,

GLS*23]
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(Eval. P(f), Eval.V) can be a public-coin interactive argument of knowledge [GLS*23]



A Zoo of Polynomial Commitments, and Why FRI

Pairing group Ordinary group Hidden-order group

O KZG AsiaCrypt10] O Bulletproofs [BBB*@SP18] 0 DARK [BFZ@EuroCrypt20]
0 Multivariate KZG [PST@TCC13] O Hyrax IWTS*@SP18] O Dew [AGL*@PKC22]

[ Dory Lee@TCC21]

FRI-based (without groups)
Fast Reed-Solomon Interactive Oracle Proof of Proximity (Fast RS-IOP) [BBH*@ICALP18]

» Concrete-efficient prover using only lightweight operations
» Transparent
» Poly-log proof size (several hundred KBs) and verifier complexity




State-of-the-Art FRI-based Polynomial Commitment

Polynomial size

= gH Variant (u) Commit Prover Verifier Proof size
FRI-PC VP19] Univariate O(n)
Virgo 7XZ"20] logm) ) )
" it O(nlogn O(log“n) |0(log” n)
HyperPlonk  [CBB 23] Multilinear O(nlogn)
(b= 1)
Zeromorph KT23]
The commitment is optimally O (n log n) for RS encoding {\2’52192]0] :E”“t
The prover should be optimally O(n) (CBB*23]: EuroCrypt
[KT23]: ePrint

A gap in the prover complexity between univariate and multilinear polynomials



Research Problems

1. Can we build an FRI-based multilinear polynomial commitment scheme
with O (n) prover complexity?

2. Can we achieve one-to-many bivariate polynomial commitment?



One-to-many Polynomial Commitment [TCZ*20, ZZH*22]
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Naive prover: O(n : fP(n)) > 0(n?)
One-to-many: O (nlogn) (optimal for n evaluations using fast Fourier transform (FFT))
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Application: Verifiable Secret Sharing (VSS)
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V/SS from One-to-many Polynomial Commitment [ZZH*22]
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Asynchronous VSS (AVSS)
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AVSS from Bivariate Polynomial Commitment
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AVSS from Bivariate Polynomial Commitment
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AVSS from One-to-Many Polynomial Commitment

A one-to-many size-0(n)
P polynomial commitment
33 for O(n?) evaluations

T, f(1,1)

Combined party 1 = Verifier 1 + Verifier 1

f

Combined party 2 = Verifier 1 + Verifier 2

Secret

s =1(0,0)

Combined party (i — 1)n + j = Verifier i + Verifier j
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Research Problems

1. Can we build an FRI-based multilinear polynomial commitment with
O (n) prover complexity?

2. Can we achieve a one-to-many bivariate polynomial commitment?

need a different approach from univariate [ZXH*22], extending to bivariate can be challenging
(Usenix Sec.)

3. Can we improve AVSS using our polynomial commitment?



Contributions

1. Can we build an FRI-based multilinear polynomial commitment with
O (n) prover complexity?

Yes! Improve HyperPlonk [CBB*23, Appendix B] and achieve linear prover
(EuroCrypt)

2. Can we achieve a one-to-many bivariate polynomial commitment?

need a different approach from univariate [ZXH*22], extending to bivariate can be challenging

Yes! Prover complexity for n? parties: 0(n?logn)
still optimal for FFT evaluation

3. Can we improve AVSS using our polynomial commitment?

Yes! Dealer complexity: O(n? logn), better than transparent Haven [AVZ21]
(Fin. Crypt.)



Recall: HyperPlonk-PCS [CBB*23]

Size-n multilinear f (X3, ..., Xjog ) (EuroCrypt)
@ Commit a size-O(n) vector using Merkle tree
Size-n f(l) '
size O(n)/2
Size-n/2 f(z)
size-O0(n)/(n/2)
size-2  f(1087)
size-1
Constant ¢ HyperPlonk combines f@, ..., f(og™)

and runs one batch FRI
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Recall: HyperPlonk-PCS [CBB*23]

Size-n multilinear f (X, ..., Xjog n)
@ Commit a size-O(n) vector using Merkle tree

Size-n f (1)

Pad to size-O(n) and commit a size-O(n) vector using Merkle tree

Size-n/2 f(z)

:Pad to size-0(n) and commit a size-O(n) vector using Merkle tree

size-2  f(log M)

size-1
Constant C To prove in batch FRI,

require padding each vector to size-0(n)
require O(n - logn) already 16




Technical Overview: Rolling Batch FRI

Size-n multilinear f (X, ..., Xjog n)
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Technical Overview: Rolling Batch FRI

Size-n multilinear f (X, ..., Xjog n)

.

Size-n f (0)

Sizem/2 Y1 f(Z)

Sizen/4 Y2 f(3)

Constant ¢

Prover complexity:

0(%i%8"%) = 0(m)



Technical Overview: One-to-Many PCS

Size-8 (X, Y) on {f(x;, )} i,j € [2]
@ Our transformation
Size-8 multilinear f (X, X2,Y,Y?)

4/\>

f(x, X% Y,Y?) f(x,,X%,Y,Y%)

1 1 #Steps: 12

T 3
F (20, 22, Y,Y?) F (e 22,7, Y) Prover complexity: O(n” log n)
f (xp, 28,91, Y?) f (1, x8,y2,Y?) f (2,5, y1,Y?%) f (x2,%3,y2,Y?)

l l l l

f (x1, %%, 91, ¥%) f (1, x%,y2,92) f (xg, %5, y1,9%) f (xg, %%, y2,¥2)
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Technical Overview: One-to-Many PCS

Size-8 f(X,Y)on {f(xi,¥;)}i,j €[2]  Letx; = wi

@ Inverse variables Yj = Wz]
Size-8 multilinear f (X2, X,Y2,Y)
f(1,X,Y%Y)
/\ #Steps: 9
Prover complexity: 0(n*logn
f (Wi, wy, Y2, Y) f (W3, wy, Y2, Y) plexity: O( 8™)
f (Wi, wy, 1,Y) f (Wi, wy,1,Y)

— T — T~

f(W12;W1;W12:W1) ]Z(W12;W1;W22:W2) f(WZZJWerlzrwl) f(sz:Wz:sz:Wz)
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Results — PCS, One-to-Many PCS, and AVSS

Table 1: Computation and communication complexities of u-variate degree-d or degree-2 polynomial commitments

Scheme Trustless Setup | Assumption | Commit Prover Verifier Communication
PST13 [28] no q-SDH O(d'u) GB O(d'u) GB 0(,1,1) GB 0(,1,1) GB
DARK [12] yes/no Strong RSA | O(d")Gy | O(ud"logd)Gy | O(ulogd)Gy | O(ulogd)Gy
Bulletproofs [11] yes DLog O(d")Gp O(d")Gp O(d")Gp O(ulogd) Gp
Virgo [37] yes O(ud*logd)F +O(a*)H O(ud*logd)F | O(u’log”’d)H | O(u*log”d)H
HyperPlonk [16, §B] yes O(u2"10g2)F+O(2*)H Ou2"10g2)F | O(p’log"2)H | O(y’log”2)H
PolyFRIM yes O(ud"logd)F +O(d*)H | O(d*)H+O0(d")F | O(u*logd)H | O(u’log®d)H

Gi, i € {B,U,P}, denotes a group with a Bilinear map, of Unknown order, or of known Prime order; F is a field with a large
multiplicative coset. H denotes a hash function. All these represent the size or operation time depending on the context.

Table 2: One-to-many proofs for n” evaluations of degree-n

Univariate or Bivariate polynomial

Table 3: Existing n-party AVSS from multivariate PCS

Scheme Trustless|PCS| Prover |Verifier/Commun. Scheme PCS Dealer Party Commun.
AMT [31] no |Uni.|0O(n*logn) O(logn) eAVSS [3] ||g-SDH| O(n’) O(n) 0(n?)
ZXH'22[36]|| no |Uni.|O(n“logn) o(1) HAVEN-1 [2]||¢g-SDH| O(n?) O(n) 0(n?)
ZXH'22[36]|| yes |Uni.|O(n’logn)|  O(log®n) Bingo [1]  ||g-SDH|O(n*logn)| O(n?) O(n?)
Naive [16,37]|| yes |Bi.|O(n’logn) O(log”n) HAVEN-2 [2]|| DLog | O(n°) O(n*) | O(n’logn)
[ PolyFRIM ves_| Bi. |O(n’logn)|___O(log”n) FRISS Ours |O(n”logn)|O(nlog”n)]O(n*log’ n
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Experiment on (One-to-Many) Polynomial Commitment

Multilinear PCS One-to-many PCS
5 to 25x faster prover time 7 to 10*x faster prover time
(compared with univariate ones)
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summary

Transparent FRI-based multilinear polynomial commitment
O (n) prover time, O(log? n) proof size and verifier time for size-n polynomial

One-to-many bi-variate polynomial commitment for #party n? and size-n poly.
0 (n?logn) prover time, O (log? n) proof size/verifier time per verifier

New Transparent AVSS for #party n
0 (n*logn) dealer time, total O(n?log® n) proof size, 0(nlog? n) per verifier

Welhan Li
leeweithan@buaa.edu.cn github.com/gyp2847399255/PolyFRIM
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